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Linearizability is a standard correctness condition for concurrent data structures. It guarantees that operations
behave as if they took effect at some atomic instant between their call and return points. Despite the central
role linearizability plays, in the context of concurrent separation logics, prior work has argued for instead
using a style of specification that internalizes the atomicity of operations in terms of the logic’s reasoning
rules, known as logical atomicity. These logically atomic specifications are intended to be easier to compose
inside of the logic than linearizability. Prior work has shown that in the Iris separation logic framework,
a certain form of logically atomic specifications implies that a data structure is linearizable, which can be
understood as a soundness theorem. However, the converse remained an open question: for every linearizable
data structure, is it always possible to derive a corresponding logically atomic specification?

This paper resolves this question in the affirmative. We prove a completeness theorem for Iris that derives
a logically atomic specification for any linearizable data structure. As a consequence, we are able to embed a
variety of linearizability proof techniques into Iris and use them to derive logically atomic specifications. We
apply this to three linearizability proof methods: aspect-oriented linearizability proofs, forward simulations
with commit points, and meta-configuration tracking. Using these embeddings, we derive logically atomic
specifications for the Herlihy-Wing queue and the Baskets Queue. We furthermore establish a connection
between logical atomicity and an encoding of refinement in Iris that has been used in prior logical relations
models. This result allows us to transport logically atomic specifications across refinements, which we apply
to the Folly MPMC queue implementation. All of the results in this paper have been mechanized in the Rocq
Prover.

Additional Key Words and Phrases: Iris, Separation Logic, Linearizability, Logical Atomicity, Prophecy Variables,
Contextual Refinement

1 Introduction

Linearizability is a standard correctness condition for concurrent data structures [32, 33, 62].
It ensures that concurrent operations behave as if they took effect atomically in a way that is
compatible with a sequential specification of the data structure. Because linearizability is such a
widely used correctness condition for concurrent data structures, a vast array of formal methods
techniques related to linearizability have been developed. These include various proof techniques [1,
6,11, 20, 21, 30, 39, 56], program logics [28, 47, 69, 70], automated verifiers [50, 51, 72, 79], and tools
for checking for linearizability violations [7, 10, 19, 27, 35, 44, 59]. Alongside this, researchers have
developed various adaptations of linearizability, including relaxations for weak memory [8, 14, 16],
more compositional formulations [74], restrictions that guarantee stronger properties [13, 25], and
variants for durable or persistent memory [2, 3, 37].

Logical Atomicity. Yet despite the central role linearizability plays, a number of researchers have
argued that linearizability, as formally defined, is not so easy to use to verify clients of a linearizable
data structure. In particular, while concurrent separation logic (CSL) has been successfully used
to verify a range of concurrent programs, and there are even ways to use CSL to prove that a
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data structure is linearizable, once such a specification has been shown, it is difficult to use in
pre/post-condition style reasoning about clients. Thus, if one’s goal is to use CSL to modularly
verify a large application, linearizability may not be the most helpful specification for internal data
structures and libraries used in the application. As a result, prior work has developed alternative
specifications that capture the atomicity of a data structure’s operations internally in a program
logic in a way that is easier to use when verifying clients. Various forms of such logically atomic
specifications have been developed [12, 38, 42, 55, 66, 67]. The common idea is that when an
operation is logically atomic, a client can reason about that operation using the same reasoning
patterns that are supported for the primitive, physically atomic commands of the language. For
example, one of the key properties of physically atomic steps in most variants of CSLs is that they
support invariant rules that allow a thread to assume that an invariant assertion P holds before
the step, and require P to be reestablished after the step. Logically atomic operations are similarly
allowed to access invariants, as long as the invariant can be shown to be preserved after the atomic
operation takes effect. This enables modular and compositional reasoning, in which one logically
atomic data structure can be used in the implementation of another.

There were long understood to be informal analogies between these logically atomic specifications
and linearizability. For example, establishing logical atomicity typically requires identifying the
atomic point where an operation’s effect becomes visible, which is similar to proof techniques for
linearizability that involve identifying the linearization point. Data structures whose linearizability
is challenging to establish because of future-dependent linearization points similarly require special
techniques like prophecy variables [1, 41] for establishing logical atomicity. Birkedal et al. [5] made
this connection formal in one direction, by showing that if a data structure satisfies a logically
atomic specification in Iris, a widely-used CSL framework [40, 42], then the data structure is
linearizable.

But what about the opposite direction: if a data structure is linearizable, is it always possible to
prove a logically atomic specification for it? We can view this as a kind of completeness property for
logical atomicity, and view the previous result of Birkedal et al. as a soundness theorem. No prior
work has established a completeness theorem for logical atomicity, but such a result would be useful
for several reasons. First, it would tell us that the logic is not too “weak” or “missing” any rules or
reasoning techniques: if a data structure is really linearizable, then at least in principle, a logically
atomic specification can be shown using the logic. Second, it means that if we can prove, external
to the logic, that a data structure is linearizable, then we can automatically reflect that into the logic
as a logically atomic specification for the data structure. This is valuable because, as mentioned
above, a range of proof techniques and automated verification methods have been developed for
establishing linearizability, and many of these have no existing analogue inside Iris or other program
logics. Instead of having to extend Iris and its formulation of logical atomicity to support these
proof techniques, completeness for logical atomicity would allow us to just directly apply these
proof techniques to establish linearizability and then obtain a logically atomic specification for free.

This paper proves the first completeness theorem for Iris’s logically atomic triples. For con-
creteness, we establish our result for HeapLang, the default language included with Iris, but our
technique is generally applicable to other languages used with the Iris framework. The key idea
behind our proof is an inductive forward simulation-style argument. To derive the logically atomic
Hoare triple about an operation, we maintain an invariant tracking the trace of call/return opera-
tions. From the assumption that the operation is linearizable, we know that there must exist some
linearization point between the call/return operations, and we use these linearization points to
know when to apply the “atomic update” assertion used in Iris’s logically atomic triples. The main
challenge is that formally, when given a partial prefix of execution, the definition of linearizability
does not necessarily ensure that the linearization points we extract in this way are compatible with
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future extensions to the trace. We solve this by instrumenting the methods of a concurrent data
structure with prophecy variables that record the arguments of each method call and the eventual
return value. Using these prophecy variables, the proof “predicts” the complete trace of calls and
returns, so that we can extract a consistent set of linearization points from the linearizability
assumption.

As alluded to above, by using this completeness theorem, we are able to prove linearizability
of data structures using arbitrary proof methods and then derive logically atomic triples back in
Iris. We apply this concretely with three linearizability proof techniques that have no existing Iris
analogue: the aspect-oriented proof [30], the forward-simulation with commit points technique
developed by Bouajjani et al. [6], and meta-configuration tracking developed by Jayanti et al. [39].
What is powerful about each of these methods is that they are capable of proving linearizability of
data structures with future-dependent linearization points. We have applied these methods to prove
logically atomic triples of two data structures with such future dependency, the Herlihy-Wing
queue [33] and the Baskets Queue [34]. While our completeness results show that one could in
principle just use prophecy variables directly to verify these data structures (and indeed, prior
work has done so for the Herlihy-Wing queue [41]), we argue that it is useful to be able to reuse
off-the-shelf proofs and ideas that have been developed in prior work, instead of being forced to
redevelop a proof in terms of prophecy variables.

Refinement. In addition to linearizability and logical atomicity, there is a third commonly used
approach to specifying concurrent data structures: refinement. Using contextual refinement, one
can capture that a data structure behaves in an atomic way by proving that it refines a coarse-
grained implementation that wraps a sequential implementation with a global lock or atomic block
primitive. Because the contextual refinement shows that the data structure’s observable behaviors
are a subset of the coarse-grained version, clients can reason about the data structure as if it were
atomic. Many formal verification techniques have been developed for relational reasoning about
concurrent data structures and can be used for proving such refinements [29, 45, 48], including
several based on concurrent separation logics and Iris in particular [23, 24, 46, 68].

How does this kind of contextual refinement specification relate to linearizability or logical
atomicity? Filipovi¢ et al. [22] first proved an equivalence between linearizability and contextual
refinement, and subsequent works have generalized this to a number of settings, including relaxed
memory [18, 64] and durable variants of linearizability [75].

But for logical atomicity, there is no existing formal connection with contextual refinement.
Some prior work has observed that from a logical atomicity specification, it is often easy to establish
a contextual refinement to an atomic implementation of a data structure [23]. However, there has
previously been no way to go from a proof of a refinement to a logically atomic triple.

The second main contribution of this paper is a result connecting logical atomicity to refinement.
In particular, if ej refines e4, and e4 satisfies a logically atomic specification, then our result enables
us to derive a logically atomic specification for e;. Among other things, this is useful because it
allows one to establish logical atomicity incrementally through a chain of refinements. Rather
than having to prove ey is logically atomic all at once, we can introduce a series of intermediary
programs ey, ..., e,, and prove e; 3 e1, €1 3 €3, €2 3 €3, ..., e, 3 ea, deduce a logically atomic
specification for e4 and then transport this transitively to a specification for e;. This pattern of
establishing chains of refinements is common in the literature based on refinement style reasoning,
and our results make this accessible for the first time as a proof method for logical atomicity as
well. For example, Vindum et al. [76] have proved that the MPMC queue from Meta’s C++ library
Folly [49] refines a coarse-grained queue with a global lock, but their result is not accessible from a
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Refinement [Logical Atomicity]

Fig. 1. Relation between Linearizability and Its Alternatives.

o,weValz=()|z|b|t]|rec f(x)=e| (v,w)|inl(v) | inr(v) |--- (z€2ZbeB,¢f € Loc)
ec€Expra=u|x|rec f(x) =e|e(e:) | @€ ]| e1 @z, | if e thenes elsee, | (e, e2)

| fst(e) | snd(e) | inl(e) | inr(e) | (matchewith inl = e; | inr = e; end)

| refe|!e|e « e; | CAS(eg, e1,e2) | fork{e} | ---
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(e[(rec f(x) =e)/fllo/x],0.€) (refo,0) —pase (£,0[¢ 0], ¢€)
BAseFork

(fork {e},0) =base (), 0, [e])

Fig. 2. Syntax and Semantics for HeapLang (without Prophecy Variables).

unary separation logic. With the help of our technique, we are finally able to get a logically atomic
triple for the Folly MPMC queue on top of their result.

Contributions. Figure 1 diagrammatically shows our theoretical results and where they fit with
the existing literature. To summarize, our work makes the following contributions:

e The first completeness result for logical atomicity showing that any linearizable data
structure satisfies a logically atomic triple specification.

e A proof connecting refinement to logical atomicity, which in particular allows atomic triples
to be transported across a refinement.

e Machine-checked reformulations of various linearizability proof techniques in the context
of Iris, and examples applying them to several challenging data structures.

Our work is mechanized in the Iris separation logic framework [40] and the Rocq Prover.

2 Preliminaries

This section gives preliminary background material needed for our results. We start with the
semantics of the concurrent language we consider. Next, we give a formal definition of linearizability
as used in our proof. Finally, we describe the basic features of the Iris separation logic that our
completeness proof uses.
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2.1 Language

Although our completeness proof method generalizes, for concreteness, our results are proven
with respect to the default HeapLang included in the Iris Rocq development. This is a mini ML-
like language with general references and concurrency primitives. Its syntax and semantics are
shown in Figure 2. Constructions in this figure are standard. The language has syntactic categories
for expressions e, values v, states o, and evaluation contexts K. The operational semantics is first
specified by a base step relation (e, 01) —>pase (€2, 02, €f), which says that under state oy, expression
e; reduces to e, updates the state to gy, and spawns threads Ef. A pure step e; —pure €2 is a special
base step that is deterministic and independent of the state. The base step relation is then closed
under evaluation contexts K to get the primitive step relation —im, which is lifted to a concurrent
thread pool step relation —p, as expressed in the following rules:

BAsePrIm PrimTP
(e1,01) —pase (€2, 02, €f) (e1,01) =prim (€2, 02, €f)
(Kle1l, 01) =prim (K[ez], 02, €r) (€q + €1 €, 01) =1 (€ + €3 12 € + €, 07)

In particular, in PriMTp, the threads of the program are represented as a list of expressions, from
which one expression is non-deterministically selected to step. In the resulting program configura-
tion, that thread is updated along with the state, and the new list é of forked threads (if any) is
appended to the end of the thread list. We denote the reflexive transitive closure of —, as—y,,.

A standard correctness condition for a closed program is safety or partial correctness. It means
executing a program e from initial state o never gets stuck, and if e terminates with a value v and

state ¢’, then ¢ (v, ¢’) holds.

Definition 2.1 (Safety). An expression e in state o is safe w.r.t. ¢, denoted as safey (e, 0), if

(1) Yo,&,0".([e],0) -, (0 ¢,0’) = ¢(v,0’), and
(2) V&, 0" ([el.o) >y, (€,0") = Ve’ € €. ¢’ eValV red(e’,0"),

where red(e, 0) = 3e’,0”, €. (e,0) =prim (€', 07, €r). When ¢ is (1o, 0. True), we omit ¢ and write
safe(e, o).

2.2 Linearizability

For a partial program, e.g., a library, in addition to safety, we also want to ensure the interaction
between the library and other parts of the program is correct. Particularly for concurrent data
structures, linearizability [32, 33, 62] is a standard correctness condition that relates a concurrent
object’s behaviors to a sequential specification. There are multiple equivalent definitions of lin-
earizability. In this paper, we use a version that is stated in terms of linearization points, following
the definition used by Birkedal et al. [5]. At a high level, this definition requires that the execution
history H of a concurrent object can be annotated with marked linearization points, which are
instantaneous moments at which an operation’s effect appears to take place. By ordering operations
according to the order of their linearization points, we obtain a total order on operations. Then, the
observed call/return behaviors of the execution must match those of a sequential execution that
runs operations in this total order.

To state this definition formally, we will assume that the interface for a data structure supports
two functions, init, which creates a new object, and op, which takes an object obj and an argument
x and invokes an operation on the object with request x. Restricting to a single op function does
not result in a loss of generality, because multiple operations can be emulated by including a tag as
part of the argument that selects the intended operation.
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Sequential Behavior. The sequential specification of an object is given in terms of an abstract
type S of object states. This state is initialized to sy € S upon the creation of an object. The effects
of operations are specified in terms of relations on this state.

Definition 2.2 (Sequential Behavior). A sequential behavior u of data structure (init,op) is a
triple of (so, vr, rr): S X (Val — Prop) X (S xVal x S xVal — Prop), such that
e The initial state of an object is sy;
o For object obj of state s and request x, if vr(x), then performing op(obj, x) returns y and
updates the object to state s’ such that rr(s, x, s, y).

The valid request predicate vr restricts which arguments to op are considered well-formed or
valid. Given a valid argument, the behavior of op is captured by a request-response relation rr. This
relation may be non-deterministic. In case there are multiple sequential behaviors in question, we
write p.vr or p.rr to disambiguate.

Example 2.3 (Bag). A bag, i.e., a multiset, is a container that supports push and pop operations.
The push operation adds a new element to the container, while pop removes an arbitrary element
from the container and returns this element, or reports that the container is empty. The sequential
behavior of a bag, pipqg, is defined as

So X%
vr(x) £ (Jv. x = some(v)) V x = none
rr(s,x,s",y) £ (Jv.x = some(v) As" ={offWwsAy=())

V(x=noneAs=0 As" =@ Ay =none)
V(x =none AJv.v esAs =s\{of} Ay=some(v))
where none and some(v) are syntactic sugar for inl(()) and inr(v), respectively. This definition

encodes push(b,v) as op(b, some(v)) and pop(b) as op(b, none). For the return value of a pop, none
means the bag is empty, and some v means element v is removed from the bag.

Linearizability of a Trace. We first define what it means for a single interaction of a data
structure with a client to be linearizable. An interaction is represented by a call-return trace, and a
linearization of such a trace is obtained by adding suitable linearization point events to the trace.

Formally, we define ¥ to be the type of events that can occur in physical traces, and let X}, be an
extension that includes linearization events.

> £ {(r,Call(v)) | r € Tag,v € Val} U {(r,Ret(v")) | T € Tag, v’ € Val}
Siin = 2 U {(z, Lin(v,0")) | T € Tag,v,0" €Val}

1>

Here, 7 is a tag that relates the call, linearization, and return event of an operation. The parameters of
call and return events represent the argument to the operation and the returned value, respectively.
Linearization events take two parameters that match the argument and return value for the
call/return that they correspond to. A physical trace f € %* is then a finite sequence of call and return
events, while an annotated trace i’ € 3} is a finite sequence that may also include linearization
events. Both types of traces include the empty sequence €. We define various projection operations
on traces that return the subtrace consisting of certain selected events. Given a trace i, (i) is the
subtrace of events with tag 7, 75, (i) is the subtrace of physical events, and 7y, (i) is the subtrace of
linearization events. A trace is well-formed if the call, linearization, and return events of each tag
occur in order, and each event only occurs once.

well-formed(?) £ V. 30,0". 7, (%) Cpre [(7, Call(v)); (7, Ret(2))] (1)
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well-formed;in (') £ V7. 30,0". 7(f') Epre [(7, Call(v)); (7, Lin(v,0")); (7, Ret(v”))] (2)

where X Cpe §j means X is a prefix of 7.

Definition 2.4 (Trace Linearizability). A trace { € X* is linearizable w.r.t. a sequential behavior y,
written trlin u(f), if the parameter of every call event in { satisfies vr and there exists an annotated
trace {’ and state s’ such that f = 5 (#’), well-formed;i, (i), and soundﬂ(min(;’), so,s”), where

S=S

13

sound, (€, s,s")

1>

sound”(f' + [(z, Lin(x,y))],s,s”") £ 3s". sound,,(f’,s, Y Avr(x) Arr(s’,x, ", y)

Here, the annotated trace i’ is a linearization of f because ¢’ consists of the same physical
events as 7, and the linearization event of each operation occurs between its call event and return
event. Moreover, soundﬂ(min(f’), S0, ") says starting from the initial state s, processing operations
according to the linearization events in the order found in " will transform the object to state s’,
i.e., the linearization matches the sequential behavior p.

In Definition 2.4, a “sound” non-empty trace is obtained by appending a new linearization event
to the end of another sound trace. Alternatively, one can also choose to prepend an event to the
beginning of another sound trace.

REMARK 2.5. sound,((r, Lin(x,y)) = i',s,s") © 3. vr(x) A rr(s, x,s", y) A soundy(f’, s’ s")

Linearizability of a Data Structure. With trace linearizability defined, we now define lin-
earizability of a data structure by requiring that the traces generated by interactions with the data
structure are linearizable. However, we must restrict our attention to valid traces, in which all
arguments to op are valid. In addition, the client must only interact with objects via calls to op. For
example, if an object has internal private state, the client is not allowed to break the data structure’s
abstractions and directly modify this private state. Aside from these restrictions, however, a client
can send any possible valid sequence of requests to the object and spawn an unbounded number of
threads to send requests to the object concurrently. To represent this set of traces, we define a new
reduction relation that models these interaction rules. This relation is defined over configurations
that track the operations that are executing.

Definition 2.6 (Configuration). Given an object obj of a data structure (init, op), a configuration
p is a triple of (7, é,0): (Tag x Expr’)* x Expr* X State, where

e 7 is a list representing the executing operations on the object. Each element of the list is a
pair of tag 7 and expression e. For operations that have finished execution and returned,
the expression component of the pair is a special value L.

e ¢ is a list of other threads executing in the system that were created by the executing
operations in 7.

e o is the state of the program, e.g., the heap. The state of the data structure is part of .

Then, a step of interaction between an object and a client is modeled by a most adversarial step
relation between configurations.
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Definition 2.7 (Most Adversarial Step). Given an object obj, method op, and predicate vr, a most

adversarial step p W’adv p’ is defined by the following set of inference rules:

Apv-CALL

(7,€0) [%Ja dv (T +][(r,0p(0bj,v))],¢é,0) ifr ¢ 7.1and vr(v)
ADV-INTERM

(71 4 (z,€1) =2 72, €, 01) Wadv (71 + (7,€2) = 7p, € Heéf, 03) if (e1,01) —prim (€2, 02, €p)

Apv-CHILD
(7T, €q + €1 32 €, 01) Toep/v_r_)adv (T, €q + €3 = € + Ef; 02) if (e1, 01) —prim (e2, 02, gf)
ADV-RET
(7 + (1,0) = 7, 8, 0) LERL@D] (2 (7, 1) = 7, 8, 0) ifv € Val

obj.op/vr

Apv-CaLr represents the invocation of a new operation with argument v, which must be valid
according to the vr predicate. The transition is labeled with a call event with a fresh tag 7, and an
expression executing op(obj, v) is added to the list 7 with the same tag r. Apv-INTeErMm performs a
step of execution of an operation e in the list 7, adding any forked child threads to the € component
of the configuration. Apv-CuiLp executes a step of reduction of one of these child threads. Finally,
ApV-RET selects an operation that has terminated with a value v and labels the transition with a
return event, replacing the value v with L in the configuration afterwards.

The non-deterministic nature of these rules represents the ability of a client to invoke an arbitrary
number of concurrent operations, so long as the arguments are valid, in the sense that they satisfy vr.
These invocations are interleaved with steps of the operations themselves, as well as any children
they produce. Critically, the non-deterministic steps by the environment do not alter the local state
of the data structure.

The relation —>: v is the reflexive transitive closure of —,4,, which concatenates the labels on
transitions.

ADVs-NIL ADVs- CONs
€ * t1+\‘—t2
P obj.op/vr adv P Po obj. op/vr adv P1 A P1 obj. op/vr adv P2 Po obj.op/vr adv P2

We omit obj, op, and vr, when they are clear from the context, and simply write p; —t>: av P2

Using the most adversarial step relation, we can now define linearizability of a data structure.

Definition 2.8 (Linearizability). A data structure (init,op) is linearizable w.r.t. a sequential
behavior y1, denoted as lin,(init, op), if

(1) safe(init(), @), i.e., the evaluation of init() never gets stuck; and
(2) if ([init()], @) —¢ ([ob]] o) and (¢, €,0) Wadv (7,8 0’), then all expressions in 7
and € are not stuck and trlmy(t)

The second part of this definition runs init under the normal reduction relation —{, until it
terminates in some value obj, which is then used as part of the most adversarial step reduction.
Every trace f generated in this manner must be linearizable. In addition, we require that execution
of init and op never gets stuck, in order to rule out implementations that are unsafe and trigger
some form of undefined behavior.
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P,Q€iProp=="¢' |[PAQ|PVQ|Vx.P|3x.P |t (¢ is a meta-level proposition)
|PxQ|P=+Q|»P|{P}e{0.Q} [BP| oM k=Y 0]

HtCoNSEQ HTFRAME HTtVALUE
{PYe{®} P'+P  Vx.(®(x)F P (x)) {Pyefo.Q} ®(v)
F{P'} e {2’} {P+R}e{o.Q*R} {P}o {2}
HTSEQ HTPURE
(Pye(0.0)  Vo.{Q}K[o] (%) &1 —pure & Lo
{P}K|[e] {®} {P} ey {®} + {» P} ¢; {®} {True} refo {¢t. £ — v}
HtFurDp
HtLoAaD HT1STORE m*
{t—> o} lt{x.x=0xtH 0} {{—o}t—w{x.x=()xt— w} {P&P}e{D}
MAPINSERT
MAPALLog o MéliLOOKUP __ ]ff fjinj E[,VI,),
F3y.Blea (oMY sk Y orM(k) =o' oMY+ e(M[k o))V xk =0
MélePDATE 77777777777 MéliDELETE 777777777
oMV sk Y ok Bl e(Mk—w]) ¥ xk ' w oMV sk =Y ok Ble(M\ {k}) "

I—[IE;EIERORDERMAPLOOKUP
oMV xk Y Pr3P . "M(k) =P (P = P)

Fig. 3. A Separation Logic for HeapLang.

2.3 AnlIris-Based Separation Logic

Figure 3 shows a subset of rules from the default separation logic for HeapLang provided by Iris.!
This logic can be used to derive judgments of the shape P + Q, where P and Q are separation
logic assertions. Separation logic enriches propositional logic with the separating conjunction =
and separating implication -, sometimes called the “magic wand”. The separating conjunction
P x Q expresses ownership of P and Q separately, i.e., P and Q hold for disjoint parts of the heap.
In particular, P + P * P does not always hold. Iris is an affine separation logic that admits the
weakening rule P Q + P. Assertion "¢' embeds a meta-level proposition (i.e., a Rocq Prop) into
the separation logic. The points-to assertion £ +— o says that location ¢ stores the value v. We omit
most of the rules for proving entailments; see Chapter 3 of Birkedal and Bizjak [4] for an expository
introduction to separation logic and Iris.

To reason about programs, we use the Hoare triple {P} e {v. Q}. Here, v is a binder for the value
returned by executing the expression e. We omit this binder if v does not appear free in Q. When
writing inference rules, we use two different styles. When the line dividing the premises from
the conclusion is a standard horizontal bar, then this rule should be read as an implication in the
meta-logic. When the horizontal bar is replaced by a -, we use a rule with premises P, ..., P, and
conclusion Q as notation for the separation logic entailment (P * - - - * P,) + Q.

1As usual for Iris, the actual logic we work on uses another connective wp e {®} and the Hoare triple is syntactic sugar for
a certain form of wp.
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Most of the Hoare triple rules in Figure 3 are standard (ignore the later modality “>” for now).
HrConseQ is the rule of consequence from Hoare logic. HrFrame allows for local reasoning about
the subset of state an expression accesses. HTSeg generalizes the standard sequential composition
rule of Hoare logic to an arbitrary evaluation context K. The rules HrArroc, HrLoap, HTSTORE
reason about operations on mutable state by updating the points-to assertion appropriately. Finally,
HrPure allows for reasoning about pure reduction steps of the program, which do not require any
state assertions.

Ghost State and Updates. To reason about the physical state of a program, it is often useful to
maintain some additional auxiliary or ghost states to track some abstract aspects of the program [58].
These ghost states can be updated by the prover using certain rules.

While Iris supports a large variety of ghost state [40], this paper mainly uses (higher-order)
ghost maps. A ghost map comes with two types of resources: a full or authoritative resource | M ¥
carrying the knowledge of the whole map and a fragmentary resource k <Y v carrying the value
v at key k. The fragmentary resource is also known as ghost points-to. Here, y is the name of the
ghost map. Rule MarArLoc allocates an empty ghost map with some fresh name. In this rule, “B&” is
called the update modality, meaning that something is provable by updating the underlying ghost
state. The update modality can be eliminated using HrFurp. There are two lookup rules for ghost
maps: if the ghost map stores first-order values like N or Expr, then when owning both! M ¥ and
k =Y v, one immediately learns that M(k) is equal to v by MarLookup; but if the ghost map stores
higher-order data like iProp, one can only use HicuerROrDERMAPLoOKUP. This rule still concludes
that there must exist some (higher-order) value P’ at M(k), but P’ is only equivalent to P under
a later modality “»”. Intuitively, > P means P does not hold immediately, but will hold after the
program executes one step. This also explains why there is a later modality in the precondition of

HrPure—the later modality captures the fact that the program has taken one step.
Soundness and Completeness. The HeapLang program logic is sound and complete.
THEOREM 2.9 (SOUNDNESS [40] AND COMPLETENESS [36]).

F {True} e {z). '—(p(v)j} & safey, (o) (e, 2)

Note that Theorem 2.9 only deals with closed programs. It does not necessarily say anything about
our ability to prove specifications for individual operations or functions of a library, or whether we
can prove specifications that are useful for clients. In contrast, specifications like linearizability
are about a data structure that is intended to be used as part of a larger client application. As we
will see in the next section, our results instead provide a completeness theorem that has to do with
reusable specifications about a library’s operations.

3 Logical Atomicity via Linearizability

Although linearizability is a standard correctness condition for concurrent data structures, in many
concurrent separation logics it is common to instead use an alternate form of specification based
on logical atomicity. Whereas linearizability captures atomicity by relating traces to sequential
specifications, logical atomicity instead characterizes atomicity in terms of what logical reasoning
rules an atomic operation should support. In particular, by asking what special reasoning rules the
logic provides for primitive physically atomic operations, and then proving similar rules for the
operations of a concurrent data structure, we allow clients of the data structure to reason as if these
operations were physically atomic. And, what is special about physically atomic operations in many
CSLs are the rules for interacting with invariant assertions. Thus, logically atomic specifications
establish similar rules for working with invariants.
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In particular, in Iris, the invariant assertions have the form | R| which says that assertion R is an
invariant, meaning that it holds before and after each step of execution. Unlike regular assertions
in a separation logic, the assertion | R| is persistent, meaning that it can be duplicated and shared by
multiple threads, i.e, F | R|. Atomicity is captured by the following invariant access rule.?

INvAccPrYSsICAL
F{P*>R}e{v.Q+>R} atomic(e)

F{P}e{v.Q}

To prove a specification under an invariant | R|, the rule says that we can open this invariant and
add R to the precondition, as long as we reestablish R in the postcondition. The side condition
atomic(e) means e is physically atomic, ie., in the operational semantics, e reduces to a value in a
single execution step. Because e reduces to a value in a single step, this rule preserves the property
that the invariant R must hold before and after each step. The later modality “>” guarding R is
needed to make nesting of impredicative invariants sound. For so-called timeless assertions that do
not involve impredicative nesting, this later modality can be removed. Although our proof uses an
impredicative invariant, we only need to access its impredicative part after the program has taken
one step, so this later modality is not a problem for our proof and we will ignore it afterwards.

For a logically atomic operation, the idea is to similarly allow for an invariant to be opened
around the atomic point at which the operation takes effect. Following a style pioneered by the
TaDA [12] logic, Iris supports such specifications through an alternate version of the Hoare triple
called a logically atomic triple, (P) e (v. Q). The most important rules are shown below.?

INvAccLoGicAL LAINTRO AUFIRE
F(Px>R)e(v.Q+>R) FVO. {AUP,Q(CID)} e {®} F{P}e, {0} atomic(e,)
[R]+(P)e(0.Q) F(P)e(0.Q) F {AUp o (@)} e, {®}

Crucially, the logically atomic triple also provides an invariant access rule InvAccLocicar, but notice
here that e is not necessarily physically atomic. To initially prove a logically atomic triple about a
data structure’s operations, we use LaInTro to reduce it to a Hoare triple with an atomic update
assertion AU as precondition and an arbitrary postcondition ®. Because ® is universally quantified,
the only way for the data structure to obtain the postcondition ® is to use AuFire to “fire” the
AUp o (®). The point at which this rule is applied corresponds to the linearization point of the
operation. At the linearization point, the data structure first obtains P from the AU, and it must
then prove Q immediately after executing one physical step.

The goal of this paper is to relate such logically atomic specifications to linearizability. In particu-
lar, we will show that the following combination of (3) a Hoare triple about an object’s initialization,
and (4) a logically atomic triple about the object’s operations, is equivalent to linearizability:

atom—specp(IsP, PState, init,op) =

F {True} init() {obj. Jy. IsP(y, obj) = PState(y, so)} ®)
"vr(x)" * IsP(y, obj) + (PState(y, s)) op(obj, x) (y. 3s". PState(y,s') * 'rr(s, x,5, y)")  (4)
Vy, obj. persistent(IsP(y, obj)) ©)

This specification is parameterized by g, i.e., a sequential specification for the object, and two
predicates, IsP and PState. The IsP assertion is a persistent assertion that states that an object is a
valid instance of this class of objects, e.g., satisfies some internal invariant of the data structure;

The full version of this rule annotates invariant assertions with a namespace identifier, which is used to prevent opening
the same invariant twice. These matters are orthogonal concerns and we omit these annotations here.
3Like the HeapLang logic, the actual rules about the logically atomic triple in Iris are also stated in terms of wp.



1:12 Zichen Zhang, Simon Oddershede Gregersen, and Joseph Tassarotti

PState describes the current abstract state of the object. These assertions are connected by a ghost
name y, which ensures both assertions talk about the same object. The specification for init returns
ownership of both of these assertions about the newly created object. Then, the specification for
op requires that the request and the object must both be valid, and that op atomically updates the
object from state s to state s” and returns y in accord with the rrrelation.

Birkedal et al. [5] prove that such a specification implies linearizability.

THEOREM 3.1 (LOGICAL ATOMICITY = LINEARIZABILITY [5]).
atom—specﬂ(lsP, PState, init,op) = lin,(init,op)

We call this result a soundness theorem for logical atomicity because it connects the logical
notion to the external linearizability property.? In this paper, we prove a result that is essentially
the converse of this soundness theorem, i.e., a completeness theorem for logical atomicity. The
direct converse looks as follows.

ProrosiTION 3.2. lin,(init,op) = 3lsP, PState. atom—specﬂ(lsP, PState, init, op)

As we will see, our proof strategy requires modifying this statement slightly, for reasons we
explain next.

3.1 Proof Strategy

The difficult part of the proof is in deriving the logically atomic triple about op. To do so, we apply
LalnTro, which reduces the goal to deriving a Hoare triple about the function. Because of the
assumption that the data structure is linearizable, we know that the op function is safe. That is, it
never gets stuck. Thus, we can use the proof rules of Iris to reason step by step as the operation
executes. However, at some point we must fire the atomic update introduced by LalnTro. This point
must correspond to what is essentially a linearization point of the operation. Since, by assumption,
the data structure is linearizable, given a trace of call and return operations, this linearizability
assumption will tell us where we can insert such linearization points, and therefore fire the atomic
update. To use this assumption, we create an Iris invariant that stores an annotated trace of all
of the call and return operations that have been executed so far. When we reach a point that is a
linearization point in the annotated trace, we know that we can therefore fire the atomic update.
However, there are two complications to this basic idea that pose challenges:

C; Future-dependent linearization points. While proving a logically atomic triple, one only
knows the historic trace , up to the current point of execution. From this partial historic
trace, we can obtain a linearized trace f;l that adds the linearization point annotations to fh.
Suppose we fire atomic updates as we go according to this extension . After a new call or
return event u, the trace will be extended by u to become = f},+u. By linearizability, we can
obtain another linearization £’ of the new trace. Although 7 is obtained by appending a new
event to fh, the definition of linearizability does not guarantee that ' can also be obtained
by adding some new events to f,. In fact, # can choose completely different linearization
points from ;. This phenomenon is well-known as future-dependent linearization, and
was observed in the very first work that proposed linearizability [33]. The problem is that if
i uses different linearization points than f;l, we would have to amend the AU's we have
already fired, which is not possible.

C, External linearization points. Proving a logically atomic triple requires firing the AU at a
specific program step, i.e., one must find a particular physically atomic operation to fire the
AU, while the linearization points extracted from applying the definition of linearizability

4This theorem is a consequence of a more general result which we discuss further in §5.1.
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wrapo(op) (objp, x) =
wrapi(init)() = let (obj, p) := objpin
(init(), newproph) let 7 := newghostID in resolve p to inl(z, x);
lety := op(obj,x) in resolve p to inr(z,y);y

Fig. 4. Wrapped Data Structure Methods.

are just some Lin events in an annotated trace. The definition of linearizability does not tell
us specific physical steps tied to these Lin events. This means that to use the linearization
points extracted from trlin, we must find a way to map these events to some physical steps.

Challenge 1 is solved by using prophecy variables [1, 41, 78]. Prophecy variables allow for
“predicting” what the outcomes of future program steps will be during the course of a proof. Using
prophecy variables, one can prophesy the complete trace of operations on an object at the time the
object is created. Thus, we can extract all linearization points once and for all from this complete
trace, and do not have to worry about the linearization points shifting when extending partial
traces with new events.

Challenge 2 is solved by a technique called helping [9, 31, 65]. Rather than trying to fire the
atomic update for an operation at a specific physical step, we instead store AU assertions for all
operations that are in the middle of execution in a shared invariant. When an operation is called
and emits a Call event, we add its AU to the invariant. Linearization itself happens at the Call
and Ret events of operations: whenever an operation emits a Call or Ret event, we gather the AU
assertions for all pending operations whose Lin events occur in the annotated trace just prior to
this event, extract them from the invariant, and fire all of them. We then store the corresponding
® assertions resulting from each back inside the invariant, so that they can later be collected by
the corresponding operation. This means one physical step, i.e., the step on which an operation
emits its Call or Ret event, can linearize multiple operations, not limited to the AU of the operation
taking the step. Thus, an operation logically “helps” others perform their AU.

Readers familiar with carrying out proofs of logical atomicity in Iris will not be surprised that we
end up using prophecy variables and helping in our proof. Indeed, these techniques are familiar and
often used in proving the logical atomicity of specific data structures. This pattern of transferring
atomic updates for helping has been used from the very beginning in Iris logical atomicity proofs,
and prophecy variables were specifically added to Iris in order to reason about future-dependent
linearizability. What makes our results novel is the generality we work at, and the fact that we
show that these two techniques suffice to do all such logical atomicity proofs.

3.2 Data Structure Wrapper

In order to use prophecy variables to “predict” the future stream of call and return operations, we
need to annotate the operations with a wrapper that attaches the prophecy variables to the events
we want to predict. In Iris, prophecy variables are implemented by two special “virtual” operations:
newproph and resolve. These operations are virtual in the sense that the behavior of the program
will not change after erasing them. The specifications for working with these primitives are as
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follows.
ProPHNE HTNEwWPROPH
proph(pi,@;) * proph(ps, 3s) + "'p1 # po’ {True} newproph {p. 33 . proph(p,d)}

HTRESOLVE
=/ = = /1

{proph(p,d)} resolve p tow {().33"."d =w : 3" = proph(p,3’)}

Operation newproph allocates a fresh prophecy variable p. Resource proph(p, 9) in its postcondition
says that the resolutions on p in the future execution of the program will be the values in the list
0. It is an exclusive resource ensuring the thread currently owning proph(p, ) is the only thread
allowed to resolve p. Under precondition proph(p, 9), primitive resolve p to w resolves prophecy
variable p to value w. The resolution guarantees that the first element in ¢ must be w, and removes
this element from the future resolutions list.

Using these operations, we define wrappers for data structures as shown in Figure 4. The
wrapped init function associates a prophecy variable with the newly created object. The wrapped
op function allocates a fresh tag for this invocation of the operation using a helper function
newghostID, and resolves the associated prophecy variable before op is called and after op returns.
These two resolutions capture the call and return events of the invocation, where the event
(z, Call(x)) is encoded as inl(z, x), and event (7, Ret(y)) is encoded as inr(z, y).

To generate the fresh tag with newghostID, we can in fact reuse the prophecy variable mechanism,
by treating the prophecy variable’s identifier as the tag. Since proph(p,9) is exclusive, we can
discard the @ part and just use the prophecy variable p itself as a unique ghost token. Thus, we
define newghostID as follows, and derive the following helper specifications:

newghostID £ newproph token (r) £ 343 proph(r,3)
HTNEwWGHOSTID ToxENNE
{True} newghostID {z. token (1)} token (77) * token (73) F "1y # 15

Because we resolve the call and return events using the prophecy variable, this means that when
we first create the prophecy variable during the wrapped initialization, the list of values ¢ in the
proph(p, §) permission will be the entire trace of events on the data structure. Thus, we can define
a derived predicate, prophTraceobj(p, p, £) that asserts ownership of the prophecy variable p and
says that starting from configuration p, the decoded list of prophesied values is a call/return trace

f generated by a valid interaction between the data structure and a client, i.e, 3p’. p 5% p’.
adv

Predicate prophTrace is encoded using a technique inspired by typed prophecy variables [41].° The
full definition of prophTrace is included in Appendix A.1.

3.3 Invariant

As mentioned above, the proof needs an invariant that relates the abstract state of the object to
the physical state, and tracks the correspondence between the trace prophecy and what atomic
updates have been completed. Specifically, for an object obj associated with the ghost resource
name y, we use an invariant m. Here p is the prophecy variable used to speculate
the future trace of obj.

At a high level, the invariant relates four things: the current configuration p = (7, €, o) of the
object and pending operations, the abstract sequential specification state s of 0bj, a store ®s of the
atomic updates and receipts of the operations currently in flight, and a prophecy #’ of the object’s
future trace. The future trace predicts where each pending operation will linearize so that the

5The encoding requires the use of the law of excluded middle because proposition Jp’. p L: 4 P’ is generally undecid-
able [61].
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* ‘FOZZm(actzveOp(n))j”” xl @ ve x So(o) xle [0<—s] s % prophTraceobj(p p. s () (Py)

* ods V9 x ( >x< interpret(t’, z, fb)) (P2)
T—deds
* ( 3K token (r)) (P3)
TeR.1
* "pendingOp(t’) € dom(®s) = {7 .1} (Pg)
« "partial-well-formed,;,, (') A (3s’. sound,, (min (£),5,5")) A cfg-safe(7, €, 0)’ (Ps)

where interpret(’, 7, ®) £ match 7, (') with
| (L, Call()):: _ = False

| (—’ Lin(x’ —)) = AUPState 1 (v,5),y. As’. PState, (y,s")* rr(sxs y)—I (CD)

| (LRet(y)) =_ = P(y)
| = True
end

Fig. 5. The Definition of Iamm#(y, obj, p).

invariant can tell for every in-flight operation whether it has already linearized or not. We use this
information to track the status of each operation’s atomic update.

is defined in Figure 5. It consists of five parts: P; tracks the system status, P,
stores the atomic updates and receipts, P; and P4 enforce its internal consistency, and Ps ensures
that the remaining future trace is linearizable. We now describe each of these pieces in more detail.

P;: System Status. Along with the physical points-tos and the prophecy trace, the status of
the object is tracked by several pieces of ghost state that are combined together on this line of the
invariant to track components of the object.

e The current conﬁguration p = (7,¢, 0') It is tracked by three pieces of resources:

erations that have been called but not yet returned Here, function actlveOp returns
operations that are not L, and function [2m converts an association list (A X B)* to a
finite map A fin, B.The fragmentary copy of this state is kept in the proof environment.

— Authoritative resource | ® & ¥ tracks other threads spawned by operations.

— S (o) asserts the ownership of the data structure’s physical state, defined as
X (tv)es £ P 0, L€, the ownership of each location in c.

e The prophecy to the future trace #’: prophTraceObj(p, D Jrz(t’)).

P,: Atomic Updates and Receipts. Recall that AU(®P) provides a receipt @ after being fired, and
this receipt is specified by a client of the data structure. An operation learns the type of the receipt
when it is called. Because of helping, the current operation can be linearized by another operation.
To make this work, we need a mapping between operations and their receipt types so that the helper

The actual Iris mechanization does not use ghost map but another type of ghost state known as exclusive authoritative
state.
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and helpee agree on what the receipt is. This is represented by the authoritative ghost resource
propositions. Alongside this map, this part of the invariant stores, for each pending operation with
tag 7, either its atomic update or its receipt, selected by the function interpret according to the next
event of 7 in the future trace . An operation 7 in ®s thus has four possible stages:

(1) The next event of 7 is Call(x), meaning that 7 has not been called yet. This case is impossible
because uncalled operations are not pending, and thus should not be in ®s.

(2) The next event of 7 is Lin(x, y), meaning that 7 has been called, but has yet to linearize. In this
case, the invariant stores an atomic update for this operation. The pre- and postconditions
of the AU come from specification (4), and the type of the receipt comes from ®s.

(3) The next event of 7 is Ret(y), meaning that r has linearized, but has not returned yet. In
this case, the invariant stores the receipt of this operation.

(4) Tag 7 is notin v, meaning that 7 has returned. In this case, the mission of the invariant for
this operation is done, and the invariant stores nothing about the operation.

Ps: Ghost Tokens. This part is an iterated separating conjunction of ghost tokens for all tags in
7 .1 for two purposes. First, the exclusiveness of ghost tokens ensures that there is no duplication
of tags in 7. Second, because the tag of a new operation is generated by newghostID, tokens are
used to prove the freshness of a new tag.

Py: Consistency of the Status. The pending operation list 77, the receipt map ®s, and the future
trace " all talk about pending operations, so this part ensures they describe the same set: the
domain of ®s coincides with the tags appearing in 77, and the pending operations pendingOp(t’)
extracted from the future trace are among them. The subset inclusion pendingOp(#’) C dom(®s) is
not necessarily an equality because pendingOp is a conservative under-approximation: under partial
correctness an operation may be called and never return, in which case its tag is indistinguishable
from one that has already returned. The precise definition of pendingOp and the lemmas relating it
to trace extension are given in Appendix A.2.2.

Ps: Partial Linearizability of Future Trace. This part ensures the future trace £’ is a suffix of
a linearizable trace. First, for each tag, the call, linearization, and return events of it must occur in
order, but unlike well-formedy;,, the first event does not have to be Call.

partial-well-formed,,, (') £ Vz. 3v,0". 7,(f') Ceup [(7, Call(0)); (, Lin(v,2")); (7, Ret(v”))]

Here, X Cqyb 3§ means X is a subtrace of #, i.e., X can be obtained by taking consecutive elements
from 7. Second, the linearization events in the future coincide with the sequential behavior p. Third,
the current configuration is safe, i.e., its pending operations and other threads will never get stuck
under the most adversarial interaction.

cfg-safe(p) £ Vi,7,¢,0. p—t>;dv (7,8,0') =>Veerd 2+ ¢.ecValVred(e,o’)

Properties of partial-well-formed,;, and cfg-safe used in the proof are collected in Appendix A.2.3.

Additional Auxiliary Resources. The invariant also carries an agreement ghost resource

O Yer Yo ¥s) j” to link four ghost names used by I tom to the single ghost name y exposed by

e e S e _ - f———
IsP. The agreement ghost resource is a persistent assertion such that | Ox ¥ =/ Oy ¥ + 'x = y'.

The Construction of IsP and PState. The validity of an object and the assertion for its abstract
state are defined on top of latom,-

IsP,(y,v) = Jobj, p. o = (obj, p)" * Latom, (¥, 0bj, p)
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IsP,, is a thin wrapper around Lom, and PState, is the ownership of the fragmentary part of the
abstract state. The agreement resource ensures y; is the same ghost name used in Ltom, - Although
PState, is independent of the sequential behavior y, we still add the y subscript to emphasize that
it is a specific construction used to prove a logically atomic triple about .

3.4 Proof Sketch

Since we need the prophecy variable to make this proof work, we can only prove the logical
atomicity of the wrapped version of the data structure. Thus, we restate Proposition 3.2 as below:

THEOREM 3.3 (LINEARIZABILITY = LOGICAL ATOMICITY).
lin,(init, op) A seq(init(),@) = atom-spec,(IsP,, PState,, wrapi(init), wrapo(op))
where seq(e,0) 2 Vé',o’. ([e], 0) >t (€,0)=>]¢|=1

Due to a technical restriction, we can only prove the theorem when the init function is sequential,
as specified by seq(init(), @). This is typically not a problem in practice because a concurrent
data structure rarely spawns internal helping threads.

We sketch the proof here; a more detailed walk-through is given in Appendix A.3. We must
show that the wrapped operations satisfy the logically atomic specification, reasoning under the
invariant Ltom, of Figure 5. After initialization, the argument follows the life cycle of an operation
invocation.

Initialization. Running wrapi(init) creates the object with initial state S,(o) and allocates
its prophecy variable prophTrace((e, €,0), P, f). Because the data structure is linearizable, the
prophesied trace  is guaranteed to be the physical projection of some linearizable annotated
trace . This is exactly what is needed to establish Lom, for the empty initial configuration. After
creating the associated ghost state and invariant, we return the assertions IsP, and PState, in the
postcondition.

Operation Invocation. The prophesied future trace records, for every pending operation, where
its linearization point will be. When the wrapped operation resolves its call event, we open the
invariant and consult this prophecy: every operation whose linearization point in the prophecy
falls before this call is helped. For each helped operation, we fire its stored atomic update, advance
the object’s abstract state through the corresponding sequential transition, and replace the fired
update with the receipt it produces. The current operation is then registered, with its own atomic
update stored for later.

The internal steps of op merely preserve the invariant. For each internal step, since it is safe (by
assumption of linearizability), we use the stored physical state in the invariant to justify the step,
and then update the configuration and state in the invariant. The proof of this part follows the
same pattern as Theorem 17 of Hostert et al. [36].

Finally, resolving the return event performs any remaining helping and extracts this operation’s
receipt, which is precisely the postcondition demanded by its logically atomic triple.

4 Transporting Logical Atomicity through Logical Refinement

Contextual refinement is another commonly used approach to specifying concurrent data structures.
For example, with contextual refinement, one can capture that a fine-grained concurrent data
structure behaves in an atomic way by proving that it refines a coarse-grained implementation
where the operations are guarded by a global lock. Such a contextual refinement implies that
any behaviors that a client of the fine-grained implementation can observe are a subset of the
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behaviors that they could observe with the coarse-grained implementation. Because the latter
behaves atomically by construction, this means the former also appears to do so from the client’s
perspective.

Since the coarse-grained implementation is atomic by construction, one can naturally also prove
a logically atomic triple specification for it. One might expect that the contextual refinement would
also imply that this logically atomic specification must hold for the fine-grained implementation
as well. However, there has previously been no way to go from a refinement to a logically atomic
triple. This is a notable gap, since in contrast, prior work has established equivalences between
contextual refinement and linearizability [22].

Using our results from previous sections, we close this gap by showing how to transport a
logically atomic triple across a refinement specification. Specifically, we target ReLoC [23], a
relational logic defined on top of Iris [40] for proving contextual refinement of HeapLang programs.
ReLoC introduces a logical refinement judgment e X e’: A where A is an Iris relation that holds on
the return values of e and e’. For example, if A £ (=), i.e., the Leibniz equality relation, then e and
e’ always return equal values. ReLoC’s soundness theorem shows that logical refinement implies
contextual refinement.

We show that ReLoC’s notion of logical refinement transports logically atomic specifications.

THEOREM 4.1 (REFINEMENT TRANSPORTS LOoGICAL ATOMICITY). If
(1) seq(init(), @) andseq(init'(), @),
2) atom-spec#(IsP', PState’, init',op'),
(3) init() g init'(): A, and
(4) A(obj, obj’) * "vr(x)' + op(obj, x) 3 op' (obj’,x): (=) for all obj, obj, and x,
then atom—specF(IsPﬂ, PState,, wrapi(init), wrapo(op)).

To use this theorem, a user picks a relation A that relates the result of init and init'. This is
typically an invariant that relates the internal states of the data structures on the two sides of the
refinement. Then given A-related data structures obj, 0bj’ and a valid request x, the user has to
show that op(obj, x) refines op' (obf, x) and they return equal results. As a result, if (init',op"')
satisfies a logically atomic specification, then so does (init, op).

To establish our transport theorem, we first show that logical refinement can be used to transport
linearizability. Theorem 4.1 then follows immediately from Theorem 3.1 and Theorem 3.3.

LEMMA 4.2 (REFINEMENT TRANSPORTS LINEARIZABILITY). If
(1) seq(init(), @) and seq(init'(), @),
(2) lin,(init',op"),
(3) init() g init'(): A, and
(4) A(obj, obj) * "vr(x)" + op(obj, x) < op' (obf,x): (=) for all obj, obj, and x,
then lin,(init,op).

The fact that this lemma should be true is not surprising, because, as alluded to above, prior
work by Filipovi¢ et al. [22] has established correspondences between contextual refinements and
linearizability, and we know that logical refinement implies contextual refinement. However, that
prior work dealt with a considerably simpler first-order programming language that lacked dynamic
allocation. Thus, we cannot directly appeal to prior results.

The key idea behind our proof of this lemma is to construct a program called the most general client
(MGC) that covers all possible behaviors permitted by the most adversarial steps relation. We then
use refinement to transport the MGC’s interaction with op into an interaction with op'. Similar most
general client constructions are used elsewhere in the linearizability and refinement literature. The
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idea is that this client repeatedly invokes concurrent operations with non-deterministic arguments.
This non-determinism ensures that for any sequence of invocations in the most adversarial step
relation, the most general client could trigger a similar sequence of concurrent calls.

One subtlety is that, unlike the way this program is constructed in some prior work, we cannot
construct a single most general client program in HeapLang: the language does not have primitives
that can non-deterministically generate all possible valid arguments to invoke the operation with.
We instead define a function MGC : ¥* — Val at the meta-level, such that given a trace 7, the
program MGC(f) invokes concurrent operations in the pattern specified by 7. In particular, this
MGC(F) is a HeapLang function that takes an operation op and an object obj as arguments.

Concretely, to show that (init, op) is linearizable, we are given some execution of init returning
an object obj, along with p W: a P arjd we have to show that  is a linearizable trace. By
construction, there is an execution of MGC(t)(op, obj) that exhibits the same behavior and order
of events as this adversarial interaction. From the assumption that init refines init', we know
that there is a corresponding execution of init' returning some object obj' such that obj refines
obj'. We then show that MGC(f)(op, obj) refines MGC(f)(op"', obj'), which in turn gives us an
execution trace for MGC(f)(op', obj'). We conclude by converting this MGC execution into a most
adversarial interaction for (init', op"') with trace 7 and applying the assumption that (init',op")
is linearizable.

In order to make the argument in the previous paragraph work, we must ensure (1) that the
MGC indeed fully generates equivalent traces, and (2) that a refinement between MGCs implies
that the traces are equivalent. The latter involves another slight technical complication: contextual
refinement is an extensional property and is only concerned with the externally observable behavior;
however, in HeapLang, calls and returns are not externally observable, because functions are first-
class values and calls are just beta-reductions of A terms.

To deal with this, we have the MGC keep track of call/return events in a physical log stored
at some reference cell ¢,.. The MGC(f)(op, obj) construction forks a new thread for each Call(x)
operation in the trace £, with shared access to this reference cell. Each thread invokes op on obj with
request x, but it also “emits” an event (containing the request) by adding the event to the physical
log stored in the reference cell. Similarly, after the function returns, the result is also added to the
log. By dereferencing £, at the end of MGC(£), we make the trace events physically observable, and
as a consequence, the MGC refinement implies trace refinement. Additional details on the MGC
construction and supporting lemmas appear in Appendix B.

5 Embedding External Linearizability Techniques

Besides formally characterizing the expressivity of the logic, our completeness result (Theorem 3.3)
also provides a new approach for obtaining a logically atomic specification in Iris: we can verify
linearizability of a data structure using any technique external to Iris and then formally embed the
result as a logically atomic specification.

Among the vast array of linearizability proof methods in the literature, we reformulate three
representative methods, aspect-oriented proofs for queues [30], forward simulation with commit
points [6], and meta-configuration tracking [39], using the approach below. As a first step, we
mechanize in Rocq the meta-theorems from these prior works showing that these methods indeed
imply linearizability. Since these techniques have already been described in the literature, after
mechanizing the statement of these meta-theorems, we were able to discharge most of the proofs
using Large Language Models (LLMs).

Each of these methods requires showing some conditions on the trace of events that a data
structure can generate. So, to apply these methods, one needs a way to prove that the traces
generated by an implementation of a data structure satisfy these conditions. In our case, we will
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use Iris itself to prove that these trace conditions hold. This means we can still take advantage of
Iris’s expressive features for modular reasoning about concurrent state manipulation, but we avoid
having to explicitly reason about linearization points and atomic updates. Instead, we just prove
the trace property holds, apply the meta-theorems to deduce linearizability, and thereby obtain
logical atomicity.

To leverage Iris for this task, we adapt a free theorem result that Birkedal et al. [5] established for
Iris. Their result allows one to deduce trace properties from the separation logic specifications of a
library. Their approach models a trace as a separation logic resource, and puts this resource in an
appropriate Iris invariant, so that the usual soundness theorem of Iris implies properties about the
resulting trace that a program can generate.

In the remainder of this section, we start by adapting their theorem to account for our adversarial-
steps trace reduction relation, and then we describe each of the external linearizability proof methods
we have formulated in this manner. The following section (§6) describes how we then use these
methods to get logically atomic triples for various example data structures.

5.1 Deriving Trace Invariants from Separation Logic Specifications

Birkedal et al. [5] propose a theorem to get a trace property about a data structure from its separation
logic specification. Their key idea is adding a wrapper around data structure operations to emit
a call-return trace via two special primitive operations emit and fresh. Because they design the
specifications of these operations in a way that ensures the emitted trace must satisfy a predicate
I: " — Prop, every trace produced by an interaction between the data structure and a well-formed
client that uses this specification must also belong to I.

In our case, we want to talk about the traces that would be generated under the most adversarial
steps relation, in order to connect to linearizability. Thus, we reuse the most general client (MGC)
construction from the proof of Lemma 4.2: a client that spawns one thread for each operation in a
trace f. Instead of using primitive emit and fresh commands, we simulate a trace by storing these
events in a physical reference cell.

As we discussed in §4, executions of the MGC cover all behaviors captured by the —~ , relation.
Consequently, to derive a property of every adversarial trace, it suffices to prove a triple about
every instance of the MGC using a data structure’s operations.

That in turn only requires proving a specification we call trace-spec;(Mgclnv, vr, init, op) about
init and op wrapped with the trace manipulating code. This specification asserts that, for some
invariant Mgclnv chosen by the prover, (1) initializing the data structure establishes Mgclnv, and
(2) for a valid request, the wrapped operation is safe given the trace invariant. Proving this requires
showing, at each call to emit and fresh, that the appended event preserves I. Chaining everything
together, we have this theorem.

THEOREM 5.1. If trace-spec;(Mgclnv, vr, init, op), then

(1) safe(init(), @) and A
(2) if ([init()], @) =% ([obj],0) and (e, €, 0) ————* (7, &, 0"), then every expression in 7
tp obj.op/vr adv Y exp
and é is not stuck, and I(f).

Additional details about the lemmas and proof of this theorem are included in Appendix B.
Each linearizability proof method we consider in the remainder of this section requires showing
conditions on a data structure’s traces that can be formulated in terms of an appropriate predicate
I in the above theorem. Thus, we can use Iris to prove that these conditions hold.
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5.2 Aspect-Oriented Proofs

The idea behind aspect-oriented proofs of linearizability is to find, for a given class of data structures
such as queues or stacks, a collection of properties about traces that imply linearizability for any
implementation of those data structures. For example, the original result by Henzinger et al. [30]
establishes such a theorem for queues saying that if for every completion of an adversarial call-
return trace, there exists an injective partial map M from dequeue (pop) operations to enqueue
(push) operations, and M satisfies some consistency properties, then the data structure is linearizable
as a queue. Some examples of these consistency properties are

e Valid Match. If a dequeue 7, is mapped to an enqueue 77, then the response of 7, must equal
the request of 7y, and 7, must not happen before 7; (i.e., 7, must not finish before 7; starts).
o Ordered Correct. For two pairs of enqueue and dequeue operations (M(r),7;) and
(M(12), 72), if M(71) happens before M(r;), then 7, must not happen before ;.
o Empty Sound. If a dequeue reports that the queue is empty, then the queue must be logically
empty at some point between the call and return of the dequeue.
Later, Dodds et al. [15] formulated an analogous theorem for stacks, and Ohman and Nanevski
[57] developed similar results for snapshottable arrays.
We have adapted Henzinger et al.’s queue theorem to our setting. To state our result, we first
need to define a sequential specification pgyeue for queues, following the style of y154, in Example 2.3:

Hqueue-So e ,Uqueue~VVé Hbag- VT
Haueue-T7(s,%,8",y) = (Fo. x = some(v) As" =s + [0] Ay =())
Vx=none As=€eAs =eAy=none
Vx=none AJv.s =0 s Ay =some(v)
Then, our formulation of their theorem says
THEOREM 5.2. For a physical trace t, if well-formed-bag(7) andlqueue(f), then trlin#qum(f), where
well-formed-bag(f) £ Vz. (Jo. 7. (f) Cpre [(7, Call(some v)); (7, Ret(()))])
V (Jv. 7,(7) Epre [(7, Call(none)); (7, Ret(some v))])
V 7(f) Cpre [(z, Call(none)); (7, Ret(none))]
Iqueue(f) £ JM. valid-match(#, M) A empty-sound(Z, M)
A order-matched(#, M) A order-unmatched(#, M)

Iqueue mostly follows the consistency properties required by Henzinger et al., but is tweaked to
account for partial correctness. Notably, unlike the original version that relies on a completion of
the trace, our Ige.e can be incrementally verified: the empty list satisfies I eue, and knowing that
Iqueue(f), verifying Iqueue(f +u) only requires checking the new event u is compatible with 7. This
requires slightly strengthening valid-match. In addition to the requirement by Henzinger et al., our
valid-match further requires that for enqueues 7; and 1, if 7; happens before 7, and 7, is matched
with some dequeue by M, 7; must also be matched by M. This additional restriction forces the user

to construct M incrementally along with the execution of the queue, instead of delaying matching
7; with a dequeue forever.

5.3 Forward Simulation with Commit Points

In § we discussed methods of transporting linearizability (and logical atomicity) by establishing
a refinement between an implementation M of some data structure and another implementation
M’, and then showing that M’ is linearizable. However, one can also use refinement to transport
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linearizability even when M’ is not another code-level implementation but is instead an abstract
state machine or labeled transition system (LTS). In particular, if one can prove a trace refinement
between M and a transition system M’, and the traces of the transition system are all linearizable,
then M is linearizable. In many cases, we can take M’ to simply be an LTS which performs
the operations in atomic transitions according to the sequential specification. This M’ is then
linearizable by definition.

Then, to establish the refinement, one approach is to construct a forward simulation between M
and M’. Such forward simulation proofs are natural to carry out inside of a concurrent separation
logic such as Iris, because they can be constructed as we reason over the steps of M. However, in
some cases, it is not possible to directly construct a forward simulation between M and an atomic
transition system M’. In particular, if M has future-dependent linearization points, then such a
forward simulation is not possible.

Bouajjani et al. [6] propose an alternate technique to work around this. Specifically, for proving
linearizability of queues, they define an abstract state machine AbsQ that only maintains a partial
order of enqueues rather than a full sequential order. This makes it possible to prove a forward
simulation between a queue implementation and AbsQ, even for queues that have future-dependent
enqueues. They then show that AbsQis linearizable w.r.t. the standard queue model using a backward
simulation proof. Thus, establishing a forward simulation to AbsQ implies linearizability. Bouajjani
et al. also develop a similar abstract state machine for stacks.

Following their approach, we mechanize a definition of AbsQ as an LTS and formalize their key
theorem:

THEOREM 5.3. For a physical trace f, if there exists an annotated trace i’ that forward simulates
AbsQ and t = 5 (t"), then trlin”qum(f).

The existence of such an annotated trace that forward simulates AbsQ can be established using
an appropriate trace invariant in Iris.

5.4 Meta-Configuration Tracking

Jayanti et al. [39] note that when doing forward reasoning, if instead of maintaining one ab-
stract state of the data structure, one considers a set of possible abstract states, one obtains a
complete forward-reasoning-based linearizability proof technique. They call the set of states a
meta-configuration and hence name their technique meta-configuration tracking. Unlike the two
techniques above, this technique is universal in the sense that it is not specific to a particular class
of data structures, such as queues or stacks.

In our mechanization, we define a single configuration as a pair of the form (s, OpSt) with type
Sx(Tag fin, (ValxVal’)), where s represents the state of the object, and OpSt is a map from operation
invocation tags to a status. There are two possible statuses for an operation:

(1) called with v but not linearized, which is represented as (v, L); or
(2) called with v and linearized with w, which is represented as (v, w).

A meta-configuration is defined as a set of single configurations. We define a transition relation on
meta-configurations M; %fm M, with three types of atomic transitions:

(1) an operation 7 is called with value v, which emits event (z, Call(v)) and adds a new operation
[ <—(v, L)] for every configuration in the set;

(2) an operation 7 in a configuration (s, OpSt[7 (v, L)]) possibly linearizes with w, which
does not emit any event but inserts a new configuration (s’, OpSt[r « (v, w)]) satisfying
rr(s,v,s’, w); and
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(3) an operation 7 returns with w, which emits event (7, Ret(w)) and prunes every single
configuration whose status of 7 is not (_, w).

Then, we have the following theorem:

THEOREM 5.4. For a physical trace t, if well-formed(f) (as defined in eq. (1)) and there exists a
non-empty meta-configuration M such that {(sy, @) } %ﬂr‘nc M, then trliny(f).

Again, such a meta-configuration can be constructed in an Iris Hoare triple proof using ghost
state, allowing us to apply this method within Iris.

6 End-to-End Logical Atomicity Results

As end-to-end case studies, we prove the linearizability of several queue algorithms using techniques
presented in § and §5, and obtain logically atomic triples for them using Theorem 3.3. Since proofs
of linearizability using these techniques have already been described in the literature, either with
pencil and paper or mechanically using a different framework, writing these proofs using our
reformulation requires little human effort, and substantial parts of the Rocq proofs for several of
these examples were automated using LLMs.

Herlihy-Wing Queue. The Herlihy-Wing queue [33] is a famous lock-free queue algorithm
known for its future dependency, and is a standard benchmark for linearizability proof techniques.
Jung et al. [41] mechanized a proof of logical atomicity for the Herlihy-Wing queue using prophecy
variables in Iris, and an implementation of this data structure in HeapLang is maintained as part of
the Iris project. We prove the linearizability of this implementation in three different ways, using
the aspect-oriented, forward simulation, and meta-configuration tracking methods described in the
previous section, and obtain logically atomic triples that have the same form as the ones proven by
Jung et al. [41]. For the proof of linearizability using each technique, we verify a trace invariant
using Theorem 5.1, and then conclude this trace is linearizable using the technique-specific theorem.
None of these linearizability proofs use prophecy variables. Notably, the aspect-oriented proof is
27% shorter than the direct Iris proof (2004 LoC vs 2763 LoC), though this does not include the
proof of the aspect-oriented queue meta-theorem.

Baskets Queue. The Baskets Queue is another lock-free queue [34]. Like the Herlihy-Wing
queue, it features a challenging form of future-dependent linearization in enqueue operations.
Bouajjani et al. [6] mention it as one example for which their forward simulation proof technique
should be applicable. We implement the Baskets Queue in HeapLang, prove its linearizability using
their forward simulation, and obtain a logically atomic specification for it. Since HeapLang is
designed as a garbage-collected language, our implementation of the algorithm removes several
aspects of the original implementation designed for dealing with manual reclamation and avoiding
the ABA-problem [53]. Nevertheless, it still retains the challenging future dependency in enqueues.
To our knowledge, this is the first machine-checked proof of linearizability for the Baskets Queue.

Folly MPMC Queue. The multi-producer-multi-consumer (MPMC) queue from Meta’s C++
library Folly [49] is a high-performance bounded concurrent queue. The queue is optimized,
production-ready, and it scales to thousands of consumer and producer threads.

Vindum et al. [76] implement the MPMC queue in HeaplLang and show using ReLoC that
it contextually refines a coarse-grained queue. A key challenge of the refinement proof is the
queue’s use of external linearization points. Using Theorem 4.1, we directly reuse their refinement
proof to derive a logically atomic specification for the MPMC queue. Proving the logically atomic
specification for the coarse-grained queue is straightforward.
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7 Related Work

Linearizability Proof Techniques. As discussed in §5, one of the benefits of our completeness
result is that it allows us to use external linearizability proof techniques in order to establish
logical atomicity inside of Iris. This is beneficial because, as we alluded to, there is a vast array
of such techniques that have been developed in the research literature. Much of the focus of the
research community has been specifically developing methods that work for data structures that
exhibit challenging features, such as helping and future-dependent linearization points. We have
already used and discussed several of these, including aspect-oriented linearizability [30], a forward
simulation refinement technique [6], and meta-configuration tracking [39]. Other well-known
methods that have found repeated use include simulation proofs with canonical automata [11]
and hindsight reasoning [56]. Dongol and Derrick [17] provide a survey of many other techniques,
along with what examples they have been applied to and known limitations. It would be interesting
to similarly mechanize these other proof methods and use them in combination with our results.

Program Logics for Linearizability. A number of program logics are designed to directly
establish linearizability, rather than trying to internalize atomicity in the logic. The RGSep logic
of Vafeiadis and Parkinson [73] was used in this way to prove linearizability by instrumenting
code with linearization-point actions and establishing a simulation [71, 72]. The RGSim [47, 48]
framework handles helping and future-dependent linearization points. Its soundness theorem
yields a contextual refinement that is equivalent to linearizability. Khyzha et al. [43] present a
logic that allows for incrementally constructing a partial order over operations rather than a single
linearization, allowing ordering decisions to be delayed for data structures with future-dependent
linearizations. Several program logics have been constructed around the hindsight reasoning
method mentioned above, which involves some form of temporal reasoning [51, 52, 56].

As mentioned earlier, one limitation of working with linearizability inside of a program logic is
that it is often not possible to compose such linearizability specifications inside of the program
logic, a limitation that motivated the development of logically atomic specifications. However, a
line of work has sought to reconstruct and generalize linearizability in a way that is more directly
compositional. Vale et al. [74] use concurrent game semantics to derive such a generalized form of
linearizability and give a program logic that is sound with respect to this generalized notion.

Most recently, Hatti et al. [28] have developed a rely-guarantee logic that is both sound and
complete for a version of this compositional form of linearizability. They achieve completeness
by incorporating a form of possibility reasoning, which maintains a set of possible linearizations,
in contrast to our use of prophecy variables. Their result also generalizes several variants of
linearizability, including atomic, set, and interval linearizability. In comparing their approach to
logical atomicity, they note that “[i]t is known that a logically atomic triple implies Herlihy-Wing
linearizability...but there is no evidence that logical atomicity can be used to specify all Herlihy-
Wing linearizable objects, so its completeness is unknown.” Our results close this gap by showing
that in fact logical atomicity is complete for linearizability.

Logical Atomicity. Jacobs and Piessens [38] introduced an approach to internalizing atomicity
in a program logic by parameterizing specifications with a client-supplied action that updated ghost
state. The operation would invoke this action at the point where the operation logically took effect.
HOCAP [67] developed this higher-order style further. TaDA [12] introduced a distinct atomic
triple judgment, though in its original form it could not reason about helping. Iris [42] showed how
to encode the logically atomic triples of TaDA inside of a higher-order framework using atomic
update predicates that are similar to the ghost updates in Jacobs and Piessens’s framework.
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None of these frameworks for logically atomic specifications could initially deal with future-
dependent linearization points. This was resolved by introducing prophecy variables to Iris [41],
which are essential for our completeness proof. Jung et al. [41] also noted that for many forms
of future-dependent linearization, a stronger form of resolve called atomic resolve is needed to
prove logical atomicity, but our work suggests that the atomic resolve is actually unnecessary
for completeness. One of the motivations for later credits [65] was for reasoning about a form of
helping in logical atomicity proofs that Spies et al. [65] called unsolicited helping. But again, for
completeness, later credits turn out to be unnecessary.

Using completeness, our work has shown how to embed other linearizability proof methods in
Iris in order to obtain logically atomic specifications. Prior to our work, Patel et al. [60] encoded a
form of the hindsight reasoning linearizability proof method into Iris. Their encoding instruments
a program with prophecy variables and uses these, along with helping, to derive logically atomic
specifications from a user-supplied hindsight proof. Our proof uses a similar combination of
prophecies with helping to derive logical atomicity from any linearizability proof.

Although we have focused on the correspondence between logical atomicity and linearizability,
there are data structures that can be specified using logically atomic triples that fall outside the
scope of linearizability. For example, da Rocha Pinto et al. [12] observe that atomic triples can
capture behaviors that the sequential specifications used in linearizability cannot, because the
atomic triple can constrain how a client may invoke operations through expressive preconditions.

An alternative to logical atomicity has been pursued by the FCSL logic [55], based on using Hoare
triples over time-stamped histories tracked as ghost state. Sergey et al. [63] advocate such history-
tracking specifications as a compositional correctness condition in their own right, showing how to
specify certain classes of data structures and properties that lie outside the scope of linearizability
specifications.

Automated Linearizability Provers. Many methods for establishing linearizability have been
incorporated into automated tools. Vafeiadis [72] developed CAVE, a tool that automatically proves
linearizability by searching for linearization points. CAVE cannot handle general future dependency.
However, the original work on aspect-oriented linearizability showed that CAVE could be used to
check some of the conditions needed to apply the queue aspect-oriented theorem. Zhu et al. [79]’s
Poling tool goes beyond CAVE and is able to handle helping. More recently, Meyer et al. [51] and
Meyer et al. [50] develop separation logic-based tools that use hindsight reasoning. Although our
examples have used proof techniques that can be done with mechanized interactive proofs in Rocq,
it would be interesting to try to connect to automated techniques for establishing linearizability as
a method for incorporating logically atomic specifications in Iris.

In particular, it would be interesting to compare the automation achievable using tools designed
for linearizability, as opposed to automated or semi-automated techniques targeting logical atomicity
directly. Several works have taken this latter route. Voila [77] is a proof outline checker for the
TaDA logic that checks a program annotated with key steps. Mulder and Krebbers [54] extend the
Diaframe proof automation library for Iris to handle logical atomicity and contextual refinement.
They achieve full automation on simpler examples, while more complex examples allow for a
mix of automation and interactive tactics. Raven [26] is an SMT-based deductive verifier whose
metatheory is based on a first-order fragment of Iris with support for logically atomic triples.

8 Conclusion and Future Work

This paper presented a completeness theorem for logically atomic specifications in Iris, showing
that for any linearizable data structure, a corresponding logically atomic triple holds for the data
structure’s operations. Although the proof is mechanized for HeapLang, the idea behind it should
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generalize to any Iris-based program logic that supports prophecy variables and satisfies Condition
18 of Hostert et al. [36]. Besides showing that Iris’s existing reasoning mechanisms are sufficient to
verify atomic triples for any such data structure, this result also enables alternative linearizability
proof techniques to be encoded into Iris as a means of deriving logically atomic triples. We have
carried out several such encodings in this paper, but it would be interesting to explore others, and
to apply these results to verify additional data structures.

Although linearizability is an important correctness condition for concurrent data structures,
there are many variations and generalizations beyond linearizability. In future work, it would be
interesting to attempt to generalize our completeness results to these variants of linearizability.
Another promising direction would be to use our completeness result as the starting point for a
bridge to connect Iris to existing automated provers for linearizability.

Data Availability Statement

The Rocq mechanization accompanying this work is available on GitHub at https://github.com/
u8cat/iris-logatom.
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A Additional Details about the Proof of Theorem 3.3

This section presents additional technical details about the proof of Theorem 3.3 outlined in §3.

A.1 The prophTrace Predicate
Assertion prophTraceDbj(p, D, E) is defined as

prophTrace,, (0, p, i) = 33. proph(p, 3) * decValidTr(obj, p, £, decTr(3))
decTr(inl(z,x) = 0) £ (7, Call(x)) :: decTr(7)
decTr(inr(z,y) :: 0) = (7, Ret(y)) = decTr(d)
decTr() £ €
decValidTr(obj, p, f, Fraw) = ValidTr(obj, Ds )
A (F = Fraw V 30 < |Frawl. T = trawl[0..n — 1] A =ValidTr(obj, P, traw[0..1]))

’

ValidTr(obj, p, ) 2 3p’. p OLb]):dv p

The idea is to decode the untyped trace into a typed trace and discard ill-typed traces. Specifically,
the raw resolution list of values is first decoded into a physical trace by function decTr, and the
trace is then further decoded to a “valid” trace by relation decValidTr. Function decTr tries decoding
the head of the raw resolution list, and if it fails, it returns an arbitrary dummy value, which is € in
this case. Because the program will always resolve the prophecy variable to inl or inr, this failure
will never happen, but we still need to account for the failure case as we have not proved anything
about future resolutions yet. The idea for decValidTr is similar. However, because predicate ValidTr
is undecidable in general, we cannot write a function to check whether a trace is generated by a
valid interaction and discard its invalid part. This relation consists of two parts: ValidTr(obj, p, f)
asserts the result of decoding is a valid trace. The second part says, if Z,4, is fully valid before
decoding, then, the whole raw trace will be kept; otherwise, #,aw must start to become invalid at
some point, i.e., there exists an index n, such that the first n elements in %,qw form a valid trace, but
appending one more element makes the trace invalid.
prophTraceobj(p, p, ) satisfies the following rules:

HTNEWPROPHTRACE . .
{True} newproph {p. Yobj, p. 37 . prophTrace,,.(p, p, i)}

HTRESOLVETRACE-CALL
gl vr(x)

{prophTraceobj((ff, é,0).p.t1)}
resolve p to inl(r, x)

{() 3t,. 1, = (1, Call(x)) :: £5' * prophTraceobj((Eﬂ-[(r, op(obj, x))],¢é,0), p, 172)}

HTRESOLVETRACE-RET
y € Val NoDup((77; + (7, y) = 72).1)

{prophTraceobj((El + (1,y) = T2, €,0), p, fl)}
resolve p to inr(z,y)
{() 3f,. "t = (1,Ret(y)) == 5 * prophTraceobj((EI + (1, L) = 7y, 6,0), p, ;2)}
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RESOLVETRACE-INTERM
R
(e1,01) —prim (ez, 02, ef)

prophTrace (71 + (7, €1) :: T2, &, 01), p, T1)

3k

3ty. T, Cpre 11 prophTraceobj((ﬁl + (1,€3) 1t T, € +Ef, 02), p, 1)

RESOLVETRACE-CHILD
R
(e1,01) —prim (e2, 03, €f)

prophTraceobj((f_f, €, + €1 €p,01), P, fl)

35,. 7, Cpre il prophTraceobj((J_f, €q H e €y H Er, 02), P, fz)

Rule HTNEwProPHTRACE creates a fresh typed prophecy variable p. This rule allows us to associate
p with any object at any time after p was created. A critical step to prove this rule is to show that for
any trace f,aw, there exists a trace £ such that decValidTr(obj, p, i, f,aw). To do so, we consider each
prefix of £ra,: €, Fraw[0..0], Fraw[0..1], . . ., raw» and find the last prefix still satisfying ValidTr. Notably,
this requires using the law of excluded middle because given a program from a Turing-complete
language, deciding whether it can generate a trace is equivalent to the halting problem [61].

Rules HTResoLvETRACE-Carr and HTResoLvETRACE-RET handle the emission of physical events. To
emit a Call/Ret event, one must show it is valid to perform this event on the current configuration.
These rules then resolve the prophecy variable and meanwhile update the configuration. In the
premise of HrResorveTrace-ReT, NoDup means no duplication, i.e., a list does not contain the same
item twice.

Rules ResoLvETRACE-INTERM and ResorveTrace-CaiLp handle the evaluation of the configuration.
Since there is no event for intermediate steps, these rules only update the configuration but do not
resolve the prophecy variable. Note that performing an intermediate step could truncate the trace:
Relation decValidTr implies that #; is the longest possible trace emitted by evaluating the current
configuration, which requires the current configuration to take a specific first step, but if the prim
step used by the rules is not the expected first step, then the new configuration would not be able
to emit a trace as long as f;. For example, program “if NondetBool() then op(obj, 1) else ()” can
emit a trace of [(z, Call(1))] under all possible executions, but can emit ¢ if the first prim step is
(K[NondetBool], 0) —prim (K[false], o, €). This explains why f, can only be a prefix of 7.

A.2 The I;tom Invariant

A.2.1 The Exclusive Authoritative Ghost State. The actual invariant does not use a ghost map to

satisfies the rules below.

EXAUTHAI:IiQC 777777777 E}(A({T}{AGRBE 77777

F B 3y. eex(x) ¥ x| cex(x) Loex(x) ¥« oex(y) ' +"x =y
ExAvraUppATE
Leex(x) ¥ # loex(y) ¥ F Bl eex(z) ¥ *| cex(2) ¥

A.2.2  Definition and Properties of pendingOp. To compute pendingOp(t’), let’s consider a tag 7 of
some event that has happened or will happen. If (7, Call(_)) € #, then operation 7 has not been
called yet, so it is definitely not pending. If (z, Call(_)) ¢ ' but (, Lin(_,_)) € £’ or (r,Ret(_)) € #/,
then operation 7 must have been called before the current time, and has not yet returned, so it is
definitely pending. Finally, if no event in " has tag 7, then 7 may have returned before the current
time, or 7 may have been called, but will never return. The latter is possible because we work on
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partial correctness, so an operation is permitted to loop infinitely. As a result, in the last case, we
cannot determine whether 7 is pending or not, and pendingOp(i') will conservatively exclude 7 in
its result. This also explains why the invariant uses pendingOp(t’) C dom(®s) rather than strict
equality: because function pendingOp is an under-approximation, some pending operations can be
missing in pendingOp(t').

REMARK A.1. well-formedi,(f') = pendingOp(t') = @
REMARK A.2. pendingOp(#') C {r} U pendingOp((z, Call(x)) :: ')
REMARK A.3. pendingOp(i') C pendingOp((r, Lin(x, y)) == ')
REMARK A.4. pendingOp(i') C pendingOp((t, Ret(y)) = i) \ {r}

A.2.3  Properties of Partial Linearizability. The following properties of partial-well-formed;,, and
cfg-safe (defined in §3.3) are used in the proof of Theorem 3.3.

REMARK A.5. partial-well-formed,; (i") A " Cgyr i = partial-well-formed,; (")

REMARK A.6. lin,(init,op) A ([init()], @) —>:‘p ([obj]l,0) = cfg-safe(e, €, o).

*
adv

REMARK A.7. cfg-safe(p) /\p—E> p' = cfg-safe(p’)

A.3 Detailed Proof of Theorem 3.3
Part of the proof is stated in terms of the wp assertion. The connection between wp and Hoare
triple is
{P}e{0v.Q} £ O (VD. P = >(Yo. Q =+ ®(v)) ~ wp e {D})
The proof consists of four parts.

A.3.1 Specification of Wrapped init. We first prove specification (3):
{True} wrapi(init)() {obj. Jy. IsP,(y, obj) = PState,(y, so)}

Observe that Clause (1) of Definition 2.8 can be strengthened to safe,,(init(), @) where
vo(v,0) = ([init()], @) —>fp ([v], o). Using Theorem 34 by Hostert et al. [36], we obtain a
specification for init:

{True} init() {obj. Jo. S (o) * "vo(obj, 0')1}

Using this specification and HTINEwPropuTRACE, and picking the initial configuration as (e, €, o),
we obtain
S.(0) + "([init()], @) >, ([objl, o) « prophTrace,((e, €, ), p, f)
and we are obligated to prove

3y. IsP,(y, (obj, p)) * PState,(y, so)

which is equivalent to

The ownership of the typed prophecy variable prophTraceobj((e, €,0),p, f) guarantees
(€,€,0) —t>:dv p’ for some p’. Further because ([init()], @) —>fp ([objl, o), by lin,(init, op), we

have trlinu(f). Namely, there exists an annotated trace ¢/, such that f = 75 (#'), well-formed;i, ('),
and 3s’. soundﬂ(min(f’), s0,$"). By Remark A.6, cfg-safe(e, €, o) holds.
Allocate the initial ghost resources as such:
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It is then straightforward to establish Lo, for this initial state: the operation lists and receipt
map are empty, so (P;)—(P4) hold vacuously; (Ps) follows from well-formed;;, (E’) and the cfg-safe
fact just established; and the allocated ghost resources together with prophTrace prove (P;).

This concludes the proof of the specification for wrapi(init).

A.3.2  The Call of an Operation. We now turn to the proof of specification (4):
Tor(x)' * IsP,(y, obj) + (PState,(y,s)) wrapo(op)(objp, x) (y. 3s’. PState, (y,s") * Trr(s,x,s",y)")

By the definition of logically atomic triples, this is equivalent to proving AU..(®) -
wp wrapo(op) (objp, x) {®} for an arbitrary ® under the hypotheses that vr(x) and .

We first use HTNEwGHosTID to allocate a fresh token for this operation and obtain resource
token (7). We now need to verify resolve p to inl(z, x). This requires opening the invariant to
register the new operation.

By repeatedly using ToxenNE for each component in (P3), we have 7 ¢ 7 .1.

Usmg HTRESOLVETRACE-CALL, We update prophTrace(p, p, 77,’2(1’ )) to prophTrace(p’, P, u) where

= (7 +][(z, op(ob], x))], € o) and ﬂz(t ) = (r,Call(x)) :: @. Split ’ into three parts: i’ = t|m

(T Call(x)) :: , such that & = 75 (f”"). Because (7, Call(x)) is the first physical event in 7/,  ji,
only consists of Lm events.

Update ghost state in the invariant:

——————————————————

reglstermg anew operatlon, Wthh should not affect existing child threads. For the latter, we will
update the abstract state of the object later when linearizing operations in £ji,.
Let’s try to close the invariant and see what is left Most of (P;) can be proved by the new

Remark A.2. Part (Ps) is proved by Remarks A.5 and A.7. The only part left is (Pz) which requires
linearizing operations in f};, using Lemma A.8 below and inserting the AU...(®) in the context into
the big separation conjunction.

LEmmA A.8 (HELPING). Let fin be a trace of linearization events, " be an annotated trace, and ®s
be a finite map from tags to iProp’s, such that partial—well—formed“n(17“n H 1), sound”(mm(f}in +H
t"), s, Send), and tjin.1 € dom(®s), then

\E(};ﬂ: i(;:y;; i/;)i 4 V}ggﬁ(g)jh >x< interpret(tiin + t”, 7, ®)
7777777777777 T—deds )
35" "sound,, (min (), 5", send) ' * [eex(s) "+« 3K interpret(i”, 7, ®)
T—Peds

Proor. Induction on list &j;,. The base case is trivial: if £ji, = €, then we don’t need to update
anything.

For the inductive case: suppose fji, = (7, Lin(x, 1)) :: £/;,. To linearize the first event (z, Lin(x, y)),
we need to prove the goal below by firing the AU

Ys
‘f.fefxf(g)f‘ AUPState,,(y s) y. 3s’. PState,,(y s’)*rrr(sxs’ y)_| ((I))
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sound, ((z, Lin(x, i in (- H £7),S, Send), by Remark 2.5, there exists a new state s’ and a
“ Y lin y
response y such that vr(x), rr(s, x,s’, y), and sound”(mm(f}'in H 1), 8", Send)-

the goal for the first event.
Using the induction hypothesis, we linearize remaining events in #,,, and conclude the proof. O

After applying Lemma A.8 and inserting the AU for the new operation, we can conclude (P5)

After closing the invariant, we still own 7 <=7 op(obj, x) and 7 <% .

A.3.3 Intermediate Steps of the Operation. The next step is to verify op(obj, x). Using an argument
in the flavor of Theorem 17 by Hostert et al. [36], we reduce the goal to

Ve.T =" e % 7 <1 &« wpe{v.7 =" vx1 > P}

and use Lob induction to prove this goal. To make progress, we do case analysis on whether e € Val.
The postcondition is trivially true if e is a value, and for the non-value case, we apply a stronger
invariant access rule [36, Lemma 15]:

INvAccMAYBE
&P, ( (HK, e’."e = K[e'] A atomic(e’)" * Wpg, e’ {U. &,Ps, Wpg, Kl[0] {CID}})

VSZE& Wpg, € {@})

Wpg, € {0}
While the standard InvAccPrysicarL rule only allows opening an invariant when the expression
is atomic, this rule allows us to open an invariant for any expression and decide whether the
expression is atomic afterwards. We have two choices after opening the invariant: either prove the
first redex is atomic and close the invariant after that atomic step, or close the invariant immediately.
With the help of INnvAccMaysEg, we can open the Lo invariant and get the latest configuration
p = (7% + (1,€1) :: 7,¢& 01). Next, we want to use the language-independent completeness
condition [36, Condition 18] to reduce e for one step.

LANGCOMPLETENESS
red(er, 1) * So(01) + Bg ( (3K, e}."e; = K[e]] A atomic(e])' = Y. »C; ~ wpg €] {®})

V So(01) * VO. »Cy - wp € {db})

where
A g - /o E = N1
Cy = V&, 0, 09, Ef. (€1, 1) —base (2, 0’2,€f) =k (So(02) + ®(vg)) * * Wp éf {_. True}
efGEf
Cy £ Vey, éf. (ch{. S-(07) =kg 3K, 0. "(e1,07) i)prim (e, 02, 8f) = 50(02)) =kt

wp ez {D} = >x< wp er {_. True}
efEEf
To use this condition, we need to prove red(e;, 07) and provide the ownership of the current
program state S, (o7). The former holds because cfg-safe(p), and the latter comes from the invariant.
Applying this condition leaves two cases.
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For case Cy, we know the first redex of e; is atomic, so we can keep the invariant open for one
step. In fact, V®. » C; + wp e] {®} from the condition is the exact rule needed to justify that step.
After that step, we are obligated to prove’

(8:(02) =+ ryyErwp Kloa] {(@}) + 3K wp ef (. True}

EfEEf

under the assumption that (e], o1) Lbase (02, 03, éf).

Using ResoLveTrace-INTERM, we update prophTrace((7; + (7, e1) : 73, €, 01), p, ﬂz(f’)) to
prophTrace((7 + (7, K[02]) :: 7o, € Héf, 02), p, 75(")), where i Cpre i’. We then update the
ghost state y, and y, accordingly; this includes allocating new ghost points-tos for each thread in

ef:
lér]-1
3K (1] + i) 7 & (i)
i=0

We now split the goal into two parts: S, (03) -+ m N+ wp -+ and the iterated separating
conjunction of wp's over éf.

For part 1, we obtain the ownership of the new state after that atomic step, and we need to close
the invariant. Most parts are mechanical, and the only interesting part is (P;), for which we need to
prove interpret(i’, 7, ®) + interpret(t”,r, ®). If 7, (") is not nil, because "/ Cpre i, (") must also
be non-nil and have the same head as 7, ("), which implies interpret(i”’, r, ®) = interpret(’, z, ®).
Otherwise, if n,(f”) is nil, then interpret( P, ®) is trivially true.

After closing the invariant, we can use the Lob induction hypothesis to finish part 1.

Part 2 is proved by Lemma A.9 below.

For case C,, we do not know whether the first redex of e; is atomic, so we have to immediately
close the invariant. As a result, we lose all the knowledge learned from the invariant, including the
current configuration p and the ownership of the current state S,(o7). Fortunately, with the help of
V. > C, - wp e; {®}, we can still take one step with the invariant closed. To prove C,, we need to
prove

wp ey {®} * >x< wp e {_. True}

EfEEf

under the assumption that

Voi.S.(a7) ke IK, 02 (e1, 07) Lprim (€2,02,8)" * So(03)

This is a rather strong assumption because it allows us to take one step from e; under any state.

To use this assumption, we open the invariant again and get a (possibly different) configuration
p’ = (7 + (1,e1) = T3, € 07) and the ownership of S,(o7). The remaining proof for this case is
identical to case Cy, which also uses Lemma A.9 to discharge the goal for threads in ;.

ProoF SKETCH. Similar to Appendix A.3.3, the proof is based on Lob induction, but this time,
we use ResoLvETrACE-CHILD to update the prophTrace resource. O

"In the goal, assume T \ N is the mask after opening the Lo invariant.
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A.3.4 The Return of the Operation. As the final step, we need to verify resolve p to inr(z,y)
under the precondition that 7 <Y~ y and 7 <% ®. The proof is symmetric to Appendix A.3.2: we
open the invariant, use HTResoLveTrACE-RET to update the prophecy variable, split the new trace into
fiin and £, update ghost states, use Lemma A.8 to linearize operations in fiin, and close the invariant.
But this time, for (P;), we extract the receipt @’ (y) from the iterated separating conjunction, where
@’ = ®s(r). Since we still own the fragment 7 <—¥¢ ® recording this operation’s receipt type, its

—————

agreement with the authoritative receipt map | e®s !¥¢ yields »(® = @').
We are now left with proving »(® = @) = ' (y) + wp ();y {®}. Take a pure step and apply
HrVALUE, and we get (& = @’) * &’ (y) + ®(y), which is trivially true.

This concludes the proof of the specification for wrapo(op).

B Details about the Most General Client Construction
This appendix gives additional details about the proofs involving the most general client (MGC)
described in § and §5.1.

The Trace Library. The MGC uses a trace library to record a trace at location #,. The library
comes with two functions satisfying the specifications below.

AHTEMIT AHTFRESH
tracelnv (&, I) tracelnv (&, I)
(VT .tracels(fy, f) « 'T(f +[(r,u)])") (V1. tracels(f, 1)+ Vg i.1= I(f+[(t,u)])")
emit(&y, 7, u) fresh(€y, u)
(0). tracels(&, f +[(7,u)])) (. tracels(by, t +#[(r,u)]) * ¢ f.1")

Assertion tracels(£,,f) says the trace currently stored at &, is f, and persistent assertion
tracelnv(#, I) says the trace always satisfies a predicate I: ¥* — Prop. The user of the library
is free to pick the event type X, provided each event is a pair of a tag 7 and a value. Function
emit appends a new event with tag 7 to the trace, and fresh (demonically) non-deterministically
picks a fresh tag r w.r.t. the existing trace, appends (z, u) to the trace and returns the tag. The two
operations are logically atomic.

The Most General Client. To construct the MGC, we first define an auxiliary function wrapcr
to record the call-return trace

wrapcr(op, obj, x) = let r := fresh(£, inl(x)) in let y := op(obj, x) inemit(fy, 7, inr(y));y

It is similar to wrapo in Figure 4, but instead of resolving a prophecy variable, it records the trace
using the trace library. Here location £, is an external parameter that is allocated at meta-level.
Unlike wrapo, wrapcr takes the operation op as an object-level parameter, so that the same wrapper
can be applied to both sides of a refinement, as in the proof of Lemma 4.2.

To define MGC, we first define a meta-level fixed point concCalls(req, op, obj) : Val* XExprXxExpr —
Expr, and the MGC itself is a thin wrapper over concCalls

concCalls(e, op, obj) = 4,
concCalls(r :: req, op, obj) = fork {wrapcr(op, obj,r); ()}; concCalls(req, op, obj)
MGC(f) % Aop, obj. concCalls(extractRequests(t), op, obj)
The MGC spawns one thread for each operation in , where each thread calls wrapcr with the

parameter extracted from #, and the main thread of the MGC returns the trace stored at £, making
the emitted events externally observable.
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Supporting Lemmas. The trace-agnostic specification trace-spec used in Theorem 5.1 is defined
as follows.

trace-spec;(Mgclnv, vr, init, op) =

{True} init() {obj. Jy. V&, tracels(£y, €) ~ B Mgclnv(&,, v, obj) } (6)
"ur(x)' + {tracelnv(&y, I) * Mgclnv(£y, y, obj)} wrapcr(op, obj, x) {_. True} (7)
persistent(Mgclnv) (8)

Although the MGC is parameterized by a trace, its specification follows from this trace-agnostic
condition.

LEmMa B.1. If trace-spec;(Mgclnv, vr, init, op), then mgc-spec;(vr, finit, op), where
mgc-spec; (vr, finit, op) =
W(z, Call(x)) € F.vr(x)" F {tracelnv(&,, I) * tracels(&, €)} MGC(f)(op, init()) {17. '_I(ﬁ)-'}
The following lemma ensures that the MGC construction covers all possible adversarial steps.
obj. op/vr adv (—)/ -)/ ,) and

£, ¢ dom(o”), then ([MGC(f)(op, obj)], compose(a, €)) - (t c«<T7'> &', compose(a’, T)), where

LEmMMA B.2 (MGC COMPLETENESS). Given location ¢y, if (€, €,0)

compose(o, ) = 0'[{’[,<— t] and < T > is a function to translate threads in the—"  relation to the
adv

threads spawned by the MGC.®

Symmetrically, every value returned by the MGC must be a trace generated by some adversarial
steps.

LemMMA B.3 (MGC SOoUNDNESs). Given location &, if ([MGC(fy)(op, init())], compose(ay, €)) —>t*p
(v, ) (veVal), t, ¢ dom(oy), and the technical conditions below hold, thenv € X* and there exists
obj € Val and p’ such that ([init()], 0y) —>:‘p ([obj], o) and (e, €, 0) p’. The technical
conditions are

e Vo.safe(init(), o) A seq(init(), o),
e Yoy, 0bj, 0. ([init()], 09) —>fp ([obj], 0) = cfg-safe(e, €, 0), and

— 2
obj.op/vr’ adv

e the parameter of every call event in I, satisfies vr.
Finally, we turn to prove Theorem 5.1.

Proor oF THEOREM 5.1. Conclusion (1) is proved by the soundness direction of Theorem 2.9.
For conclusion (2), assume ([init()], @) =t ([obj], 0) and (€, €, 0) (7,8 0"). By

Lemma B.2, there exists an execution such that MGC(f)(op, obj) returns f. Further, by Lemma B.1
and the soundness direction of Theorem 2.9, every result of MGC(f)(op, obj) satisfies I. Therefore,
I1(7).

For the non-stuckness, also because MGC(f)(op, obj) is safe, every expression in =7 > + € is not
stuck. This concludes the non-stuckness of €, and for < 77 >, it is not hard to show that the reverse
translation preserves non-stuckness. O

obj op/vr adv

8This lemma statement is simplified to omit technical details about the trace library, e.g., the actual trace library stores a
mutex at £, + 1 and spawns a child thread to generate non-deterministic fresh tags.
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